The main results are stated in the context of Serre classes of nilpotent groups. Our proof of the Blakers-Massey theorem appears to be new, and applies moreover to any map of nilpotent spaces which induces an epimorphism of fundamental groups (cf. [18, Corollary 6, p. 487] ). We close with a very general Freudenthal Suspension Theorem.
M. Mather [16] has proved a theorem on mapping cones wich yields two basic weak homotopy equivalences of Ganea [9, Theorem 1.1] ([10, Theorem 1.1]) as special cases. In the first part of this paper we apply the former equivalence to study the excision maps related to a fibration, generalizing Serre's classical theorem. (The second part uses [10, Theorem 1.1] to derive a generalized BlakersMassey theorem related to a cofibration.) We have strived to emphasize a parallel treatment in the organization of this paper. Thus each part begins with a discussion of when the two generalized excision maps (associated to a fibration (cofibration)) are homomorphisms of nilpotent groups, in case ^ Φ {0}: see Corollary 2; and then we show that it is only necessary to determine the mod ^ connectivity of one of them: see Proposition 4. Ganea's equivalences are then used to derive the mod ^ connectivity of one of the associated maps: see Lemma 5. Finally we induct on the number of stages in a principal refinement of a Postnikov tower of a nilpotent space (the dimension of a finite CW complex) to prove the general result: see Theorems 1.12, II.7. (We chose a cellular argument over one using a homology decomposition as it avoids simple connectivity and is less technical.) The problem of finding a common procedure for deriving these excision theorems was raised in [15, p. 52] ,
We give a brief review of how our work is related to [1] , [3] , [11] , and [17] . Associated to any space B and a fibration F ^+Y^X, there is a transgression square [13, Theorem 6.1] . [11] and [1] were useful in translating this result into the "transgression square"
of [11, p. 82] , where the case t = 1 is studied in detail. See Theorem II.7 below (cf. 1, Theorem 2]). In [1] , the Blakers-Massey theorem of [17] is used instead of [9] ; for this reason, the hypotheses that π γ X~ 0 and π 2 (Y, X) -0 are needed in [1, Theorem 2] . Also, we are not restricted to classes of finite abelian groups. Some generalized excision theorems modulo a class of finite abelian groups are also contained in [3] , where spectral sequence techniques are used. We remark that in [11, Theorem p. 77] , B need only be nilpotent.
Combining our results with Lemma 1 (Lemma 1') of [11] , we now have a common procedure for the deriving of the connectivity of all generalized excision maps, basing ourselves on Lemma 1.5 (Lemma II.5) (and taking ^ = {0} if t = 1). Finally, each of these lemmas is in turn a consequence of Mather's result in [16] and standard arguments (if 9f = {0}).
Conventions. All spaces, maps and homotopies will be based. GX is the reduced cone on X, and X ^ CX is given by x h-> [x, 0] . ΣX denotes the reduced suspension on X. PY ={ft)6 7 7 |ω(0) = y 0 } and PY->Y will always be α>h-»α>(l).
The notation and conventions of [13] , [14] will be used unless otherwise stated. ; JB) and (*, Λ: π t (X, Γ; -B)-+tf*(*, -f 7 ; 5), [15, p. 13] . One shows that, for t ^ 2, one is dealing with groups and homomorphisms as follows: Let Z and W be the pushouts defined by
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Let p: Z-> X extend p by mapping CF to the base point and let i\ΣF-*W be the map naturally induced by j. It is well known that (p, *) # and (*, i) # may be identified with
See [9, Proposition 1.6] We are interested in determing when p $ and i, are homomorphisms of nilpotent groups (when t ^ 2).
Recall that a based space (A, a 0 ) is said to have a nondegenerate base point if the inclusion α o cl^A is an fe-cofibration (i.e., (A, a 0 ) has the homotopy extension property up to homotopy for all spaces). We say that A is an amenable space if it is normal, Hausdorff, path connected and has a nondegenerate base point. Our first lemma is essentially due to Berstein and Ganea. We let nilG denote the nilpotency class of a group G, and set nil {0} = 0. 
(Here we set L.S. cat a 0 = 0.) Proof. It is well known that (i) since B has a nondegenerate base point, so does ΩB; and (ii) since A has a nondegenerate base point α 0 , a Q will have a halo in A which is contractible in A to α 0 . The result therefore follows from the inequalities of [4, Corollary 6.12 [7, Theorem 4] , F x I and Y x I are normal. [2, Theorem 4.6.5] implies that CF, CY are Hausdorff and hence by [8, VII, 3.4] REMARKS, (i) Paracompact space and perfectly normal spaces are both examples of countably paracompact spaces. See [7] .
(ii) The reader may verify that Corollary 2 also applies to the Serre fibration ΩX -> PX -»X when X is an amenable space of the homotopy type of a simply connected CW complex, and L.S. cat X< oo # In this case it is well known that (p, *) # is also induced by the evaluation map ΣΩX-+X. DEFINITION 3. Let B be a space, ^ a proper Serre class of nilpotent groups, f:U-+V a map of connected spaces and N^2.
We say that (/; B) is an N-equivalence mod ^ if π t (f;B):π t (V;B) >π t (U; B)
is a homomorphism of nilpotent groups and π t (f, B) is a ^-surjection for t> N and a ^-injection for t^N (in the sense of [13, Definition 1.8] and for £ ^ 2, (p, *)#3 = -J(*, j\ by [15, Theorem 4.3'] . Invoking the "mod <& four lemma" of [20] , we easily deduce the result using our identification of (p, *)# and p # _ ly (*, j\ and i # _ x .
We remark that when if = {0}, Proposition 4 is essentially [11, Proposition 1] . (iv) ^ is complete or the homology of F and X is finitely generated in each dimension.
Then for any t ^ 2, p$. π t -χ{Z) -> TΓ^-X") is ^-injective for t < m + n and ^-surjective for t ^ m + n.
Proof. Firstly, since 0 = π,X = π^7,F)-»^(7U CF), Z is simply connected and kerp # is abelian. By [9, Theorem 1.1] there is a weak homotopy equivalence F*ΩX-•>p" 1 (*) = Jp, and hence an exact sequence
If ^ is not complete, (iv) and [18, Corollary 9.6.13] show that the homotopy groups of X are finitely generated in each dimension. Now ΩX is nilpotent and so by [13, Theorem Π.5.1] and [20, Proposition A.I] , H t^( F) e (^ί oγt -2<^m + n -2 under either of the hypotheses of (iv). Finally F is simply connected so that π t -i(F) 6 ^ for t -1 m + n -1. The exact homotopy sequence of p\X-+Z completes the argument.
We have given conditions which imply that p: Z -> X is an Nequivalence mod ^ and are interested in determining when for a given space (ii) ker φ e ^ => eoker Ext (φ, 1 G ) e ^.
(iii) if φ is a ^-bijection, the same is true of Hom(φ, 1^) and Ext (φ, 1 G ).
Proof Since we are dealing with abelian groups, the usual sixterm exact sequence connecting Horn and Ext may be used.
It is time to give some examples of coaeyclic classes: REMARK 8. Let G be any abelian group. The following Serre classes of abelian groups are G-coacyclic Serre classes. (In (ii)-(iv) we assume that G is also finitely generated.) (i ) The class consisting of the trivial group.
(ii) The class of finitely generated abelian groups.
(iii) The class of finite abelian groups.
(iv) The class of finite P-torsion abelian groups, P a multiplicative set of nonzero primes in Z.
Proof, (i) is clear. To prove (ii)-(iv) one uses the structure theorem for finitely generated abelian groups and standard facts about Horn and Ext in a straightforward way. DEFINITION 9 ([2] ). Let G, H be groups and suppose that G acts on H in such a way that either (i) G = H and G acts on itself by conjugation or (ii) H is abelian. Let Γ G H denote the subgroup of H generated by elements of the form {g*h)h^ where g h denotes the action ofgeGonheH.
GENERALIZED HOMOTOPY EXCISION THEOREMS 239
The action is nilpotent of class at most e if Γ k G H = 0 for k^ c. A path connected space B is nilpotent if for each n ^ 1, the action of π x B on π n B is nilpotent of class c n < oo. See [6, p. 58] . We say that a Serre class <& is B-coacyclic if ^ is {r^nBjr i+^n B)-coacyclic for each i ^ 0 and w ^ 1.
REMARK 10. Suppose that B is a nilpotent space and the homology of B is finitely generated in each dimension. Then the homotopy groups of B are finitely generated in each dimension by [13, Theorem 5.1] and thus each ΓχJ5/Γ ί+1 τr % J3 is finitely generated. Thus the examples (ii)-(iv) of Remark 8 are all B-coacyclic. LEMMA 
Suppose that f:U-+V is a map of nilpotent spaces and let B be a nilpotent CW complex with π t (B) -
0 for i ^ d + 1.
Let ^ be a proper Serre class of nilpotent groups such that the class of abelian groups in ^ is B-coacyclic. If f:U-*V is an Nẽ quivalence mod^, then (/; B): (V; B)-*(U; B) is a (d -N)-equivalence
Proof. We induct on the number c of stages in a refinement of the Postnikov tower of B into principal fibrations (see [12, Theorem 2.2.9] ). The case c = 1 means that B = K(π, ri), π abelian and n ^ 1, so we can apply the Universal Coefficient Theorem [18, 5.3.3] and Proposition 7.
Suppose inductively that the result is true for any nilpotent CW complex whose refinement has ^c -1 stages, c ^ 2. Then we have a pullback A > PK{G 9 n + ϊ)
A > K(G, n + ΐ)
where A is a nilpotent space with at most c -1 stages and G = Γχi/Γ ί+1 ίr % ϊ for some i -see [12, Theorem Π.2.9] . The long exact homotopy sequence of the fibration A -> A -> K(G, n + 1), Proposition 7 and the "mod ^ four lemma" complete the argument, for c < oo. The easy details are left to the reader. THEOREM [15, p. 13] . To see that we are dealing with groups and homomorphisms, let Z and W be the pullbacks defined by REMARK. If A is a connected CW complex and B has a non degenerate base point, we may use Lemma LI to deduce Lemma 1. The details are classical and familiar. Likewise for Corollary 2 below. Since nilpotency is required for Lemma 5 below anyway, we will not pursue this aspect. Proof. Corollary 2 shows that (A; e) and (A; p) will induce homomorphisms of nilpotent groups.
(X, *; B) -π t (Y, F; B) and (*, j) t : π t (X, Y; B) -> π t {*> F; B) are ^-surjections for t > d -m -n + 2 and ^-injective
P(Y/X) PY
The "mod ^ four lemma" of [20, Appendix] together with the homotopy ladder of [15, Theorem 4.3, p. 23] 
Now Y/X is simply connected H S (Y/X) e ΐT for s ^ n -1. By [18, Corollary 11, p. 507 
], H t (Ω(Y/X))e^
for i ^ n -2. Also, H S (Y/X) is finitely generated for each s ^ 0 if X and F have finitely generated homology in each dimension. By [18, Corollary 13, p. 508 
] H t (Ω(Y/X))
is finitely generated for each i ^ 0 in case ^ is not complete. The exact sequence above and [20, A.I] imply that H t^{ Z \J e CX) 6 f or t -1 ^ m + n -2. That is, β t^: H t^( X) -> H t^{ Z) is a ^g 17 -injection for έ -l<m + ^ -2 and a ^-surjection for t -1 m + -^ -2. The result now follows from [14, Theorem 3.4] .
Our next result is the analogue of Lemma 1.11, and the case N = oo is [13, 6.1] Proof. This follows the method of [13, Theorem 6.1] , using the "modί^ four lemma" [20, Appendix] instead of the "mod ^ five lemma." Details are left to the reader. Proof. This is analogous to the proof of Theorem 1.12: By Corollary 2, all groups in sight are nilpotent, and by Lemma 5, e:X~*Z is an (m + n -2)-equivalence mod 9^, and so Lemma 6 applies. We deduce that (A; e): (A; X) -»(A; Z) is an (m + n -d -2)-equivalence mod ^. The result now follows from our identification of (q, *) t and p t _ lf (*,i) t and e t _ x together with Proposition 4.
Some special cases of Theorem 7 are worth mentioning. The classical result (see e.g., [18, Corollary 6, p. 487] ) is obtained by taking A = S° and ^ = {0} in Lemma 5. Notice that it is not necessary to have π t (X) = 0 and π z (Y, X) = 0. See also [19, Corollary 6.22] . When ^ Φ {0}, and n ^ 3 the case A = S° is implied by [14, Theorem 4.1] . For an application of Theorem 7, the reader may verify that in [15, Theorem 7.1'] , X need only be nilpotent. COROLLARY It is easy to check that the lift "e:X -> Z" of X^CX is the evaluation map e:X-> ΩΣX, and it is well known that e induces the suspension homomorphism. Now let Q be a multiplicative set of primes in Z, and let ^Q be the acyclic Serre class of Q-torsion nilpotent groups. If we takê = ^Q in Corollary 8, we may delete the hypothesis that the homology of X be finitely generated, for ^Q is complete. Thus Corollary 8 yields a localized version of the classical Freudenthal Suspension Theorem: is an injection for 2 ^ t < 2m -d -1 and a surjection for 2 ^ £ 2 m -d -1.
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